U.S5. DEPARTMENT OF COMMERCE
NATIONAL OCEANIC AND ATMOSPHERIC ADMINISTRATION
NATIONAL WEATHER SERVICE
NATIONAL METEOROLOGICAL CENTER

OFFICE NOTE 352

SPATIAL OBJECTIVE ANALYSIS

H. JEAN THIEBAUX

FEBRUARY 1989

THIS IS AN UNREVIEWED MANUSCRIPT, PRIMARILY INTENDED FOR
INFORMAL EXCHANGE OF INFORMATION AMONG NMC STAFF MEMBERS




SPATIAL OBJECTIVE ANALYSIS

ey . E . ' | -
H. J. Thiehbsaux Mational Meteorological Center

T. Introduction

11. The Fundamental Problem
IT1. Optimal Statistical Objective édnalysis
V. Kriging

V. Fmpivical Interpolation Technigues



GLOSSARY

sy riescl

autoregressive! dependent on its own history, or det
b it up to random innovations.

diagnostics: measures whose values descoribs the state,
ereray , or distribution of a properity of an observed

systhem.

garth oriented system: onse whose natural ocoovdinates are
designated with respect to Earth, in latitude, longi-

tude, and depth or pressurs.

tanation of the state of a

aglobal description: des

the valuse of onse of {te variahle at esach point of its

clomain.
minimum variance estimation: the determination of a function
or parameter values Tor a designated function of
stochastic variables, which guasrentee its having laast
gtatistical variance among all functions or sets of

Pray amest e

spatial coherence: the continuity of values of variables
such as tTemperature, salinity, or wind veloocity, in a
gpatially continuous envivonmsnt .,

unbiased: the property of an mﬁtimatw for a wvarisble or

paramater , of having the same statistical mean value.




SPATIAL DBJECTIVE ANALYSIS is a body of techniques of applied
mathematics which have been developed to provide global
descriptions of spatially cohevent variables, with data from
observing arvays which are sparce and genevally inhomogeneous.

is a8 tensor

Thus, in the specific, &
estimate of the state of a system at each point of the domain of
interest, which has been constructed From a set of irregularly
spaced observations. The word "objective" identifies the
construction as the outoomse of applying a mathematical algorithm,
in distinotion to s "subjective" construction which admits the

influsnce of individual scientific intuition.

1. Introduction

Historically, the technioues of spatial obdective analyvsis have
heern developed as descoriptive and diasgnostico technicques of
aolence, begioning with K. F. Sauss? plonesring work 1o astronomy
and extended by people who are now distinguishaed as Founders of
the discipline of mathematical statistics. areas of scientific

endeavor in which spatial obhjective analysls 1s ocurrently used

include geology, atmospheric and ocean sciences, and

environmental studies. The rvelative isolation of e aroh in

thege different filelds has led to the sssignment of oredits Ta a

trum of sclentists, each of whom had the acumen to appreciate

spe

the importance of these techrnioues and applied them within their

o Fields with outstanding results., Prominent on this roster

are 6. Matheron, L. $. Gandin, and R. E. Kalman.




Soientific study of large scals, earth-oriented systems regulves
capabliities for constyucting global descoriptions, with
algorithms built from assumptions about spatial inter-—
relationships of thely component variables. These vegquirements

must confront the de configuration of our habitat, which

praeciudes spatially uniform data coversge. In Taol, actual

ohaervations of global scale phenomena, including those of remote

sensling technology, may provide information which is highly non-

global descriptions of

uniform in ocoverage. Nonsthel
gpatially dimensioned states of the system, which scourately
reflect ite propertiss and intervelationships of ite component
parts, must be constructed.

The techniques developed to maet {he regquiremants may bhe

classified by the charvacteristics of the information avaeillasble to

are two olear divisions:

desor ibe the syestem under study. There

One presumes no history of information, of which an example would
be an isolated, geological filield study producing a singls “snap
shot " of observations at selected locations, for a system which
ig presumed relatively Fixed in tims. The other assumes an

accumulated recovd of observations, on a time evalutionnary

among states of

syatem Tor which the stat]
the system at separate locatlons vemain the same throughout the

recorad.



1T, The Fundamental Problem

A spatial objective analysis algovithm is a formula for providing

sal imates of the values of & spatially coherent variable, where

a0l From a proximal observaltions.,

each astimate 1s construct
If observations recorded btrue values peyfectly then the objective
might be to fit them perfectly, wWwith a surface whose intermnediate
values wauld provide estimates of the Qariable everyihers alae,
We know the premisse is incorvect. also, we generally assume That
Lhe signal component of the flield we seek to estimsete differs

From the true value at a given instant and point location.

e af the

Since the distinction between the sians) MEEITE

variable at a specific location and instant of time, and the

value of an_ obs Cion at that same location and instant, is

hasic to the theory From which all spatial objective analysis

alaorithms are derived, we consider this First, The

1w

component is the value ons would like to know and which the
satimate 1g constructed to approximate. It is not the same as
the value of an ohseryvabion, werse 10 possible Lo obtain ones
hecadse an observation s a composite of the true value, ervors
due to the imprecision of sensors and rvecorders, and mistakes
made in the transmission of information. Furthermore, the trus
value at a specific location and instant of time gensrally
reflects miovoscale variability whose ioflusnce is regarvded as
ohsecuring the signal . acoordingly, the signal component has a
theoretical definition as the average of the true values over a

localized region and time interval . The construction of an




algorithm for estimating the signal takes into account these
unwanted noisy constituents of the observations: so that 1t will
act as a Filter to separate signal from noise, as well as an

interpolater.,

The coherency in space and in Time which isg assumed by the theory

of obiective analyvsis, s equivalent to the mathematical concspl

af contingity of functions. Thus, the gosl of e analysis
is the oreation of a spatially continuous sstimator of a Tiseld
variahle, which may be svalusted at any location - effectively

interpolating only the signal componsnts of the observations

2

going into it. IFf it is reasonasbhle to assume that noise is
independent of signal in the observations, in the ssnse that the
maorituce or strength of the signal does rnot affect the expected
leve]l of nolse, this may be represented as estimating the signal
...... A e o s et e el ey e da T rrees wbrd ookt sy
LumpununL/A4(3'¢;P,t) from & set of observed valuess which arve

"asignal plus noise™:

Z(:"é,P:t) = /q[’:d;PJ'f) + éfa‘é,P,‘t) R
The indexing parameters denote earth-oriented coordinates:
respectively, longitude, latitude, pressure orv depth, and time.
€(a,4,p,¢t) rvepresents the total influence of small scale
variability which is of no interest, together with instrument and
tyansmiassion system ervavs, collectively referved to as "noise”,
Because of thelr tractability, analyvsis algorithms ave generally
bagsed on the assumption that signal and noise are independent.

accordingly most of this article will deal with this formulation.

4



& omore general expression for the value of an observation of s

Field variable is a Kalman Fill spitation.  To carry all

TEDY

indices in a brief notation, we collectively denots distinct
arrars of spacestime polints by i aricl S+a . The: formulation of
The Kalman Filter assumes that the true value of the field
variable at any location time may be written as s composite of

its deterministic evolution and a stochastic innovaltion:
*
X =@0X + W .
?.’.1'5 5 % s 2

and that a recovded observation is a linear combination of the
True value and noise from sensing, transmitting and recording

devicas:

Zyen A ="

Hesv e q;*o denotes the algovrithm for the deterministic component
of the change in X from one locationstime to another, W
denotes the stochastic component in the evalution of the true
Field, and NV denotes the collective impact of the noise
alements.  The Kalman Filter is composed of a prediction From the
prodximalZprevious estimate, modified by the weighted discrepancy
retween what ls observed and predicted:

A A
a.;\’so Xs + Kasa ( i‘z<->'+b‘ - '(_feso xs ) .
L3 i ~F b -~ [ d ”~ ~t

A
XE*B

G odietinction is made here between the true "system operatbor” of
the subiect varisble, @*o , andd the "model syebem operator" used
to generate preciotions, 2D¢3 « Generally the true operstor will
not e known precisselys and assuming that they are the same will

lead to ervoneous deductions from a Formulation tThat eguates



them., K is customarily called the “gain matrix” of the filter:
arcd we note that the indices used in the formulation indicate its
time~ and space-dependence, in addition to those of the system
gpatial

operators.  The generality of this reprs tation Tor a

obvjective analyvsis s mathematical ly impressive; however 1t is

impractical to apply to the analysis of m physical systems,

because the components arve too imperfectly knowrn.

Within the present Framework, i one Tor

which the sverage souared departure of values of the estimates 1

produeces, from the corresponding signal values, s smallest among

all possible algorithms. Since the signal i1s a conoeptual
aquantity which camolt be observed, the "aversge" is the

gtatistical mean souared departure: and optimal obldschive

analyvsis is minimum imation in the classic stetist-

ical senze. Whether ov not the minimum can be guarenteed depends
on whether or not tThe multivariate statistical distvibution of
the field varishle or of ite inorement From soms known baokoaround

field, can bhe specified. WHhen the multivarisate statistical

distribution e specified, the optimal estimator for any

capeciTied location g unicgues and it s the conditional mean
valuse of the variable at that location, with respect to its Joint
distrvibution with the walues st all the locstions at which it is

obgerved., We refer to this as the wltimate

angd reserve the definition optimal objective analysis for whalt is

practical in terms of our knowledge of statistical properties of

the Tilield varishle.



b iwes

The most gensral wey of representing the dltimate abd
analvsis value at a point indexed by 0, which is constructed with

obhservations from m locations indexed 1,....m, is in terms of the

Z

ohserved values of its m oovariate

1y v=ey B 5 Damely

Fo(a(')OI 2. y oo ,Zm) = P“OL(Zoé 30 %.wen the values o‘p zu—--,zm) .

With this, the conditional mean is
+ o0

E(Zol2|>"‘12h’n): f %odlg(golz"""zm)

=0

ancd This can be shown to provide the undoue minimum of
E{lz, q(z,,-..2m1%}
T} ﬂ 12~y Zopm

arualt ions.

for all possible functions % of the set of ob
Howevey 16 clearly depends on knowing the family of multivariate

distyibution Functilons:

F(%Olan'"; ﬁm) = ProL(Zos 30,2,$§,,.-., Zmﬁﬁm‘)
from which all conditional distribution functions and Thelr |
conditional mean values can be dervived. Many practical
situations warvant the assumption that these distributions are
reasonabhly approximated by multivariate normal distrvibutions:

and, In the s, the objective analysis Formulation as

SLMESs &

particularly simple form.

T those ocirocumstances in which the multivariate statistical

cistributions for the field varisble cannot be specifiled,

alternative approasches to objective analysis sre employead.

.....



Adaain, the choice of a techniaue will depernd on what assumetions
can reasonably be made aboul boundary conditions on the wvariable,
for the rvegion within which 1t is considered, and charactevistios

of its spatial variability. The non-statistical alternatives

thich Wwill be cited in this article are referved to collectively
There are several, =ach

v istios and

~iTic ob

with advantages Luned Lo syyation charact

regquirements For the estimated field. ALl share the disadvantage

that no_analysis

it ve anals

Gk,

pract

TTIT. Optimal Statistical Objective Analysis

Hers the underlying assumption is that the Tamlly of multivariate

=l variable are known anc/or

abtatistical distributions for the i
that The situation warrants the assumption thalt they are
reasonably approdimated by multivariate normal distributions for
Wwhich we have unbiased models Tor the mean vectors. In this case
the optimal estimator Ffor the "analysis increment", namely for
the difference between the looation specific value and the

model lad mean valus, is a welghted linesy oombination of
obhservalion increments. The latter are devived from the
obgsarvations by differencing them with corvesponding model Led

. . : 8 Q
maans .  Thus, denoting observed values by Z, y v ee s By » anid




the model led mean values by 2&,,2%*:_” Z;] , For each point—-of-
eatimate O and Lthe m observing locations, respectively, the

obiective analysis algorithm genevates point estimates

m
A 0
Zo = 25« Tow(z)-2])

simple relationship to the covariance parameters of the novmal
distribution function. With double subscripts identifying the
locations of the variable to which seach scalar covariance CEJ
pertains, the between-—observing-location covariance array may be

WYLt ern as

bBustigeen the

values of the variables at the point-of-estimate and at the

locations of observalions as

io = (%n crom)'

With this notation the arvay of weights Tor the analysis

ameants s glven by

W= ¥, L.

A oa theoretical Tormulation, (1) and (2 describe the "ultinmate

iy

obdective analysis®.

In practice, the formulation reguires specification of the

covariance structure, which must itself be estimated, Lo create a




working, opbtimsl statistical objective snalyvels (0508) algorithm.
It is at this point that "optimal” takes on its practical
connotat iong armd the dependence of the acouracy of the analyvsis

sumes central

on the representation of the covariance structure as

importance., As The word sugg ig a measure of fhe

stvength of the velationship bhetween the veriahilities of

increments at different locations: angd its e vk el 1om

IB0T TRPTE

determines tThe welahts assigned to observed inorements in 0504,

Thus, iF the assigned ocovarisnce valuss are nol represents

the true statistical relationships of the increment fleld, the

weights and therefore The analysis will be less than optimal.

Considerahle ressarch has been devoted to derivation and study of
the properties of covariance functions for the representation of
spatial covariance structure. Some of this work has started from

fivat principles, In the following sense. The disorepancy helween

an observed Fileld sand an unbissed model led mesn Tielc

described as a spatially cohevent stochastic prog for which

the ocovarilaence Tunction may bhe devived analytically from the

spatial analogus of an auboreor: ive representation for a time

geries, Selection of the order of the autoregressive
reprasantation and assignment of values To the parameters of the
covarlance function, reguires compavatbive Titting of candidate

by

functions to an array of covariances computed from data, toget

Wwith study of implicit properties of These Functbions versus known
or theoretical properties of the inorement Field., These

derivations assume stationarity of the statistical propeviies of

10
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the increment fleld and an extensive archive of observations from

a Fizxed arvayr.

V. Kriging

In civoumstances in which the increment Tield is known to be
statistically non-stationary or for which an archive of
ohgervations is not availlable to provide guidance for selecting a

TERLRY g

aritation for the betuwesn-location covarisnoes of analysis
increments, 0506 cannot be used; and an alternative technious

must be selaected.

One practical alternative which has been

sial soclesnce

sxlhensively in a number of natural angd s

s Kriging. The term is derived from the name Krige, the man to
whom G, Matheron asoribes ite inspivationsal use in the field of
geoloogy . This technioue was developed to produce sstimates of
values of spatisl processes over a geographic region with a
single selt of dats available Trom a sampling arvay. 1t 1s a
multi-stage procedures whigh first Tits a trend surface to the
data, then estimates The covariance styucture of the residusl
Field from the differences between the ohservations and the
fitted surface, and finally corrects the point predictions of the
treng surface by a oonstrained multi-variate interpolation of the

obhserved residuals.

i1



The trend surface is constructed by Fitting a linesr combination
af basis Functimnﬁ,?i(s),'hn'th@ sample data, in the manner of a
~e

ragression anslyvsis,  Thus the ocoefficlents, 9& ., are determined

by minimizing the sum of squared differences between the surfs

and the observed valuss:

[2} - T4 A]

M3

4

[ 1

=1

Whesy e §,, cee §nq, are the locations of the observations.

This provicdes a Trend surface estimate,
2 A
m(s) = ?e:qfe 4, (s)

which may be evaluated at any point of the regl It Kriging

this g frequently referred to as the "drift” and s somewhat

analogous to the role of the modelled mean Fileld of 0504, An

important departure From 0508 1s the acoomodation made for the

Fiias present in m(ﬁ)" Sinos the minimization which pavamelber:
the Fitted surface doss not guarentes its unblasedness, Kriging
constrains the welghts of the linsar interpolation of residuals
Ter sum Lo unity.

The vesiduals, namely, the discrepancies betwesn the trend

surface and the data to which 1t has been Fitted, are regarded as
multivariste normal varishles with & stationary distribution.
Thus the mean, which is the bilas b in the Fitted surface, and

1o

the variance O 2 are assumsd to be constant over the res

With the Turther assumption that the correlation belweer

variables at separvate locations 1s a Function of scalar

Aoal.



diﬁplammm@ﬁtfﬂhaﬂtﬁrh:h approaches rero with oo
~N

separation, covarlances may bs writben as:

G‘LJ- = g* F(’ngu) , WM = 1 S-S50 -

With the constraint of having only one observation at sach

location, the recgquivemsnt for & representation of the covarilances

for interpolation of rvesiduals to correct point predictions of
The surface is sabtilsFiled by constructing a "variogram". For

illustration we let Yiﬁ} ganote the residuals, so that

With this notation and the Toregoing assumptions about the

distribution of the resicduals, 1t follows that the expected valus
of sach scuared difference of resicduals can be written in Lerms

of the variance and the corvelatlion funotion as:

E{L¥(3) - ¥(5,)1?] = B[t -b1-I¥(s)-b11] = 20 [1-pliai)].

Thus the sxpected valus of pdgg.ﬁﬂe)jz/z is Ul[h-@(ﬂéM].

separations, a plot of [X1§4\"‘T6§j)]2/42 against the distances
hatween observing locations - . may e Titted with a
: c AW -ll§L-§sll ay
function X{“Mﬂ whose agypptote provides an estimate of the
] A K 1 N t
variance g% andgd whosse normalized values provide a

sribat ion For the correlation Tunotion:

VR E

A
Elwaw) = ¥ (wan) / &




V. Empirvical Interpolation Technigques

Spatial continuity of the variables Tor which analysed Tields are
constructed is basic to spatial objective analysis. However,
having sufficient knowledge of the properties of the stochastic

T ivE

gloenents of the observed Field for s statistical obje

ion of a

analyvsis, 1s nmot a requiremsnt for the construc
apatially continuous estimated field for the region from which

in which it is

ohaservations are obiained. Under clroums

310
unreasonabile to make explicit assumptions concerning either the
definition of a mean Field or the form of the statistical
cdigtribution of observed residuasls from a defined mean field,

other options are availlable.

Alternatives to statistical obldective analysis are referred to

here as snp These  Lnolucle

o) funotion surface Fitting., The Tormal sppearance of the First

oy tThis list is like that of a statistical objective analysi

{ =

A £ m
-(ZO_ZO) = z{ ai(?:’& Z{) .

Howevey the coefficients which sssign welights to observed values

of the analysis increments arve functilions only of the distanoss

hetwean the point-of-aestimste and the locsations QF bhes
ohservations. They do not tske into account tThe relative
locations of the observations; and conseguently are not able

to adiust the analysis For the communal ity of information brought

by observations From proximal locations. MNonetheless,

14




i civocumstances in which observations are fairly uniformly

spacerd in the region of The analysis and when the covarianoce

holoue

structure of the analy increments is not known, This te

may provide reasonable sstimates.

Spline Fitting has b art, in

VAT .
It is a special case of *function surTace Titting” 1n which
geveral~dimensional polynomisals are fitted to data within

subregions.  The polynomisls have Fewer parameters than the

rimbier of ok

srvations, so that they perform s smoothing role as
well as data Fittings and they are matched at the boundaries of

rsions® of the

the subregions for ocontinuity. Control for
pleace-wise continuous surface beyvond reasonable limits on the

iahility of the analyzed filield is achieved by putting the

VT
spline "under tension". Spline surface Fitting has considerable

flexibility for tuning the surface to match theoretical

propeviies or responss Lo orography . However, 1t recguirves

corsiderable insight and attention to mathematlical and physical

detail; and, like all constructions made by Fitting functions to

cata, bthe resulting analys aloorithm carmot be used For
estimation beyvond the reglion of the observations with confidencs

in the result,

Function surface Fitting has been considered, in cutline, as the

first step of Kriging in which a "trend surface” is obtained by

choosing the parameters for a linear combination of basis
functions, to be those which minimize the sum of its sguared

departures from the observaetions. Basis functions may be

15



selected to satisty inplicit spectral properties from phyvsical
theory or an analogue Tislds or tThey may be sets of orthogonal
functions, selected for thely asuitability as statistiocsl

Reocent literaturse on this

diagnostios of the analy;
subdect s extensive in its treatment of bhobth the theory of

Function surface Fitting and high speed computer techniaues for
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